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Subject:  NASA Ames Agreement No. NCC 2-314, e n t i t l e d  
"Free Vibrat ion and Dynamic Response Analysis 
of Spinning Structures"  
The proposed e f f o r t  involved development of numerical procedures f o r  
e f f i c i e n t  s o l u t i o n  of f r e e  v i b r a t i o n  problems of spinning s t r u c t u r e s .  
I n  p a r t i c u l a r ,  t h e  fol lowing R & D t a s k  has been completed as proposed. 
Task 1. An eigenproblem s o l u t i o n  procedure, based on a Lanczos 
method employing complex arithmetic, has  been success- 
f u l l y  developed involving 
( i )  Formulation of numerical procedure 
F o r t r a n  coding of t h e  algori thm 
Checking and debugging of sof tware 
Implementation of t h e  r o u t i n e  i n  t h e  STARS program. 
( i i )  
( i i i )  
( i v )  
Task 2. A graphics  package f o r  t h e  E/S PS 300 as w e l l  as f o r  t h e  
Tektronix t e rmina l s  has been s u c c e s s f u l l y  generated and 
c o n s i s t s  of t h e  following s p e c i a l  c a p a b i l i t i e s  
(a) A dynamic response p l o t  f o r  t h e  stresses and 
displacements as func t ions  of time 
(b) A menu dr iven command module enabl ing input  of d a t a  
on an i n t e r a c t i v e  b a s i s .  
i 
Task 3. The STARS a n a l y s i s  c a p a b i l i t y  has  been f u r t h e r  improved by 
implementing t h e  dynamic response a n a l y s i s  package t h a t  provides  
information on nodal deformations and element stresses as a 
func t ion  of time. 
A number of test  cases were run u t i l i z i n g  t h e  c u r r e n t l y  developed algori thm 
implemented i n  t h e  STARS program and such r e s u l t s  i n d i c a t e  t h a t  t h e  newly 
generated s o l u t i o n  technique is s i g n i f i c a n t l y  more e f f i c i e n t  t han  o t h e r  e x i s t -  
i n g  similar procedures. 
The following s e c t i o n  p r e s e n t s  some d e t a i l s  of t h e  s o l u t i o n  r e s u l t s .  
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NUMERICAL EXAMPLES 
The r e s u l t s  of numerical ana lys i s  of two r ep resen ta t ive  s t r u c t u r e s  analyzed 
by t h e  r ecen t ly  developed general  purpose f i n i t e  element computer program 
STARS . incorpora t ing  t h e  cur ren t  s o l u t i o n  techniques are presented i n  t h i s  
s ec t ion .  Thus. t h e  f i r s t  example relates t o  a square c a n t i l e v e r  p l a t e  r o t a t i n g  
wi th  a uniform s p i n  rate along an a r b i t r a r y  axis. Figure 2 dep ic t s  t h e  p l a t e  
wi th  a 6 x 6 f i n i t e  element mesh. t h e  edge along t h e  X - a x i s  being clamped and 
t h e  s t r u c t u r e  having t h e  following bas i c  s t r u c t u r a l  da ta :  Young's modulus 
(E) = lo7. t h i ckness  ( t )  = 0.1, s ide  l eng th  (E) = 10. Poisson 's  r a t i o n  (u) = 
0.3. mass dens i ty  (p)  = 0.259 x A f r e e  v i b r a t i o n  a n a l y s i s  of t h e  non- 
spinning s t r u c t u r e  w a s  i n i t i a l l y  performed y ie ld ing  a f i r s t  n a t u r a l  frequency 
(w,) va lue  of 3.60 (expressed i n  non-dimensional parametr ic  form def ined  i n  
Table I) .  
R~ = 0.8 alas w e l l  as f o r  a r e s u l t i n g  sp in  vec to r  R R  = 0.8 q h a v i n g  components 
R X  = R y  = f i z  = 0.8 u l / c  Numerical r e s u l t s  f o r  t h e s e  ana lyses  are presented 
i n  Table I. 
8 
Subsequent analyses  of t h e  s t r u c t u r e  were performed f o r  t h e  cases of 
A coupled he l i cop te r  rotor-fuselage system4 f r e e l y  f l o a t i n g  i n  space. as 
shown i n  Figure 3. i s  chosen as the  next example. 
and mass d i s t r i b u t i o n s  are su i t ab ly  approximated f o r  t h e  discrete-element 
modeling of t h e  s t r u c t u r e ,  
r o t o r  spinning at 10 rad/sec ( Qy = 10). 
I1 along wi th  t h e  r e s u l t s  f o r  t h e  corresponding non-spinning case. Associated 
mode shapes are shown i n  Figure 4. t h a t  correspond t o  t h e  non-spinning ro to r s .  
Associated varying s t i f f n e s s  
Free  v i b r a t i o n  a n a l y s i s  w a s  performed w i t h  the 
The r e s u l t s  are presented i n  Table 
CONCLUDING REMARKS 
4 
A genera l ized  numerical formulation has been presented f o r  t h e  e f f e c t i v e  
eva lua t ion  of nodal c e n t r i f u g a l  forces  i n  va r ious  f i n i t e  elements due t o  any 
a r b i t r a r y  sp in  rate. This. i n  turn. enables  t h e  de r iva t ion  of element geo- 
metrical s t i f f n e s s  and cen t r i fuga l  f o r c e  matrices Kc and KO, respec t ive ly .  
which are v i t a l  f o r  t h e  f r e e  v i b r a t i o n  ana lys i s  of spinning s t r u c t u r e s .  The 
paper also presen t s  t h e  d e t a i l s  of an  improved eigenproblem s o l u t i o n  procedure 
f o r  t h e  e f f i c i e n t  f r e e  v i b r a t i o n  ana lys i s  r o t a t i n g  s t ruc tu res .  t h a t  e f f e c t  
cons iderable  saving i n  s o l u t i o n  e f f o r t  when compared with t h e  earlier procedure 
presented i n  Reference 1. A recent ly  developed genera l  purpose f i n i t e  element 
computer program. STARS8 . incorporated cu r ren t  advances such as t h e  techniques 
descr ibed  herein.  It has proven t o  be u s e f u l  as an ana lys i s  t o o l  f o r  t h e  
s o l u t i o n  of complex p r a c t i c a l  problems. 
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FIGURE CAPTIONS 
Figure 1 
Figure 2 
Figure 3 
Figure 4 
Triangular t h i n  she l l  element s p i n n i n g  along an a r b i t r a r y  a x i s  
A can t i l eve r  square plate  s p i n n i n g  along a spec i f ied  ax i s  
Coupled he l icopter  rotor-fuselage system 
He1 icopter  mode shapes 
Table I .  SPINNING CENTILEVER PLATE: natural  frequencies f o r  variolrs s p i n  r a t e s  
I Gode . 
latural frequency Parameter y = at'-, D = ~ t ~ / 1 2 ( 1 - ~ * )  
3.6011 
8.8754 
21.4989 
27.5027 
31.5172 
54. a748 
f i R  - Qz = 0.&1 
= 17u.86 rad/sec 
~ ~~ 
10.721 3 
16.3519 
30.5203 
34.1766 
40.4473 
62.4531 
7.5612 
13.401 3 
27 7434 
31.6101 
38.1578 
59.8561 
TABLE 11. NATURAL FREQUENCIES OF A HELICOPTER 
Natural  f requencies  w( r / s )  
Mode for  s p i n  r a t e s  
Q* = 10 - Number nY - O 
1 t h r u 6  0.0000 0.0000 
7 9 8  4.6374 1 1 7370 
1 9910 5.0407 1 11.8189 
1 11,12 22.1276 22.2301 
I 
Mode Shape 
Rigid body 
Rotor 1 st symmetric bending 
Rotor 1st ant isymmetr ic  bending 
Fuselage 1 s t  s y m e t r i c  bending 
c 
I 13,14 
15,16 
L 
I Rotor 2nd a n t i s y m e t r i c  bend ins  I 27.8803 36.241 2 
28.3008 37.81 54 Rotor 2nd symnetri  c bending  
Y 
I 
Figure 1 
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(a) Discrete e lement  model 
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